The densest binary sphere packings in the α-x plane of small to large sphere radius ratio α and small sphere relative concentration x have historically been very difficult to determine. Previous research had led to the prediction that these packings were composed of a few known "alloy" phases including, for example, the AlB 2 (hexagonal ω), HgBr 2 , and AuTe 2 structures, and to XY n structures composed of close-packed large spheres with small spheres (in a number ratio of n to 1) in the interstices, e.g., the NaCl packing for n = 1. However, utilizing an implementation of In this work, we present the structures of the densest-known packings and provide details about their characteristics. Our findings demonstrate that a broad array of different densest mechanically stable structures consisting of only two types of components can form without any consideration of attractive or anisotropic interactions. In addition, the novel structures that we have identified may correspond to currently unidentified stable phases of certain binary atomic and molecular systems, particularly at high temperatures and pressures.
I. INTRODUCTION
A packing is defined as a set of nonoverlapping objects arranged in a space of given dimension d, and its packing fraction φ is the fraction of space that the objects cover. Packings of spheres in d-dimensional Euclidean space R d are frequently used as starting points in modeling atomic, molecular, and granular materials consisting of particles exhibiting strong repulsive pair interactions at small particle separations. In particular, the densest sphere packings in R d , or packings with maximal packing fraction φ max , often correspond to ground states of systems of particles with pairwise interactions dominated by steep isotropic pairwise repulsion [1] . For example, see the ground states in Refs. [2] [3] [4] [5] [6] [7] .
Packings of identical spheres have been employed in R 3 to describe the structures and some fundamental properties of a diverse range of substances from crystals and colloids to liquids, amorphous solids and glasses [8] [9] [10] [11] . Despite their simplicty, complicated structures and interesting properties can arise in packings of identical spheres through simple principles like density maximization in a confined space [12, 13] . Packings of identical nonspherical objects in R 3 have also been studied, though not to the extent of sphere packings, and have applications, for example, in the self-assembly of colloids and nanoparticles [14] [15] [16] [17] [18] [19] [20] . In structural biology, molecular dynamics simulations of interactions between large numbers of molecules employ chains of identical nonoverlapping spheres as models for various biological structures such as proteins and lipids [21] , and packing of nonspherical objects of different sizes are used, for example, in tumor growth modeling [22, 23] .
Packings of spheres of many different sizes have been employed as structural models for materials such as solid propellants and concrete, among others [24, 25] . Dense binary packings of spheres, packings of spheres of only two sizes, have long been employed as models for the structures of a wide range of alloys [3, [26] [27] [28] [29] [30] [31] [32] . In this work, we focus on binary sphere packings. Though they are relatively simple models, much about them is still unknown due in part to the enormous binary sphere-packing parameter space of sphere size ratio and relative concentration. Recently, we presented the most comprehensive determination to date, to the best of our knowledge, of the "phase diagram" in small to large sphere size ratio α and small sphere relative concentration x for the densest binary sphere packings in R 3 [33] . In the present paper, we extend these results to produce a new phase diagram, and we present a theorem and proof concerning the number of phases present in a densest packing with η different types of objects. Additionally, we present detailed structural descriptions of the alloy phases present in the densest packings, identified using the Torquato-Jiao (TJ) determinental sphere-packing algorithm [34] , including descriptions of many that were heretofore unknown. Here we use the term "alloy" in a general sense to mean a structure composed of two or more distinguishable components that are not phase-separated.
Structures, or configurations of points, can be classified as either periodic or aperiodic.
Roughly defined, a periodic structure (packing) is one consisting of a certain number of points (sphere centers), called the basis, placed in a defined region of space, the unit cell, replicated many times over such that the cells cover all space without any overlap between cells (or spheres). A fundamental cell is one with minimal basis, i.e., such that a smaller fundamental cell and basis with the same periodic structure does not exist. An aperiodic structure is one with an infinite (or in practice, very large finite) minimal basis. By definition, it is clear that a binary sphere packing must have at least two spheres in its minimal basis. Figure 1 is an illustration that compares subsections of periodic and aperiodic packings of monodisperse disks.
The packing fraction φ max (α, x) of the densest binary packings of spheres in R 3 is a function only of small to large sphere radius ratio α = R S /R L , with R S and R L the respective radii of the small and large spheres, and small sphere relative concentration x. Specifically, one has,
with N S and N L the respective numbers of small and large spheres in the packing, and when N S +N L → ∞ in the infinite volume limit, x remains constant. It is implicit in the definition of φ max (α, x) that radii are additive, i.e., two spheres of different radii can be no closer than distance R S + R L from one another. In this work, we focus on the additive case, though we note that the TJ algorithm can be trivially modified to study sphere-packings with nonadditive diameters. Past studies of certain sphere packings with non-additive diameters can be found, for example, in Ref. [35] .
The densest packings in R 3 are composed of a countable number of distinct phaseseparated alloy and monodisperse phases. Previously, the only alloys thought to be present in the densest packings for α > √ 2 − 1 = 0.414213 . . . corresponded to structures such as the A 3 B, AlB 2 (hexagonal ω), HgBr 2 , and AuTe 2 structures [27, [36] [37] [38] , and to a structure composed of equal numbers of small and large spheres [39] . For α ≤ √ 2 − 1, the alloys thought to be present were XY n structures of close-packed large spheres with small spheres (in a ratio of n to 1) in the interstices, e.g., the NaCl packing for n = 1. However, in a recent work [33] , we showed that in addition to these alloys, many more are present in the putative densest packings, including several with heretofore unknown structures.
The densest binary packings of spheres can be directly relevant to atomic and molecular phases in binary solids and compounds. For example, structures such as that exhibited by AlB 2 have been predicted and observed to be present in high temperature and pressure phases of various binary intermetallic and rare-gas compounds [40, 41] . Furthermore, phase separation of alloys like that present in the densest binary packings has been observed in certain binary atomic and molecular solids at high temperatures and pressures, conditions where relaxation time scales are fast and diffusion rates high [42] . These observations indicate that the hard-sphere additive-radii interactions that lead to the densest binary sphere packings may be sufficient to determine the stable phases of many binary atomic and molecular solids and compounds at high temperatures and pressures. In addition, we believe that there are binary atomic and molecular systems, particularly at high temperatures and pressures, that will exhibit stable phases with structures corresponding to the heretofore unknown alloys described in Sec. V.
In the past, finding the densest packings has been difficult in part due to the complexity of proving that a packing of spheres in R d is the densest possible, evident in that Kepler's
Conjecture concerning the densest packings of monodisperse spheres in R 3 was only recently proved by Hales [43] . In the α-x plane, the monodisperse case corresponds to the Kepler limit α = 1; in this limit, the packing fraction of the densest packings is φ = π/ √ 18 = 0.740480 . . . . This fraction is achieved by any of the infinite number of Barlow packings [44] , which include the well-known fcc and hcp sphere packings. Some efforts have been made to identify the densest alloy packings away from the limit α = 1 by using simple crystallographic techniques [27, 45] ; however, these have been limited to only a small subset of possible periodic alloy packings.
Methods such as Monte Carlo [39, 46, 47] and genetic algorithms [37] have also been employed, with limited success, to attempt to find densest binary sphere packings over certain ranges of α and x. In part due to the enormous number of different initial sphere spatial configurations required by these methods to identify densest packings of a large number of spheres, high resolution searches in α and x would previously have required an enormous amount of computational time. As a result, the densest alloys found by past efforts were limited to minimal bases with relatively smaller numbers of spheres, and, aside from the XY n packings, relative compositions of x = 1/2, x = 2/3, and very recently, x = 3/4 [36] . In contrast, employing an implementation of the TJ sphere-packing algorithm [34] , we have found several new alloys for α > √ 2 − 1 including three with 12, 10, and 7 spheres in their minimal bases, in respective small to large number ratios of one to one, seven to three, and five to two. Using the TJ algorithm, an overview of which is given in Sec. III, we have systematically surveyed the parameter space (α, x) ∈ [0, 1] × [0, 1], omitting the rectangular area α < 0.2 and x > 11/12 for reasons mentioned below, to find the putative densest binary packings at high resolution in α and x for bases of up to 12 spheres. From this survey, we are able to construct the most comprehensive determination to date of the phase diagram of the densest binary packings in R 3 in the α-x plane, and the best known lower bound on the function φ max (α, x) for the values of α that we survey. Though the representation we construct is technically a lower bound on φ max (α, x) as it excludes densest aperiodic packings and periodic packings with bases greater than 12, we contend (for reasons described in Sec. III) that for the vast majority of (α, x), it is a precise representation of φ max (α, x).
We present different representations of the most comprehensive determination to date of the phase diagram in Figs. 2, 3 , 5, 7, and 14. Similar versions of Figs. 2 and 3 were presented in Ref. [33] . In Fig. (5) , we describe heretofore unknown alloys by the number of small and large spheres in their minimal bases, e.g., for the alloy with six small and six large spheres. In both figures, phase boundaries are drawn between packings with distinct alloys, where each distinct alloy exhibits a unique lattice system characterization of its fundamental cell and composition of spheres in its minimal basis. In the figures, points (lines) where the composition of phase-separated phases changes from alloy plus monodisperse packing of small spheres to the same alloy plus a monodisperse packing of large spheres are not drawn.
In Fig. 5 , where only one alloy is listed, it is assumed that the densest packing consists of a monodisperse phase and an alloy phase, except at points such that
and L i the respective numbers of small and large spheres in the minimal basis of the alloy phase listed, where only the alloy phase is present.
FIG. 3: (Color online)
The most comprehensive determination to date of the phase diagram and maximal packing fraction surface φ max (α, x) of the densest binary sphere packings in R 3 . Note that we have excluded the rectangular region α < 0.20, x > 11/12. Different shading indicates a different phase composition, as specified in Fig. 5 .
Each distinct alloy appears in the densest packings over a range of α. However, most alloys exhibit varying contact networks over this range, where a contact network describes the numbers of small and large sphere contacts for each sphere in the minimal basis. Each distinct alloy could thus be subdivided into "suballoys" based on contact networks, as was done for the periodic disk alloys in Ref. [38] . Though we do not make these subdivisions in this work due to the very large number of suballoys that would be identified, we note that there are practical reasons for the subdivision. In particular, subdivision by contact network would allow for characterization of all of the line segments in the α-x plane along which the slope of the surface changes discontinuously. These discontinuities can be clearly seen in Fig. 4 , plots of the best-known lower bounds on φ max (α, 1/2) and φ max (α, 2/3) for 0 ≤ α ≤ 0.7. In Fig. 4 , M S and M L refer to monodisperse, Barlow-packed phases of small and large spheres, respectively. In general, the surface presented in Figs. 2 and 3 is continuous and piecewise differentiable, though as α → 0 and x → 1, the density of curves along which the surface is not differentiable approaches infinity due to the number of XY n and similar packings. For this reason, we exclude the region α < 0.2, x > 11/12 from our study, truncating α at 0.2 because it is close to the maximum value α = 0.216633 . . . at which 11 small spheres fit in the interstices of a close-packed Barlow packing of large spheres. For α > 0.660 . . . , we have been unable to find any periodic packing with basis of 12 or fewer spheres that exceeds the packing fraction π/ √ 18 of two phase-separated monodisperse Barlow-packed phases.
Away from the point (α, x) = (0, 1), we represent the surface at given α piecewiseanalytically in x. This is possible because densest packings can be constructed from a finite number of phase-separated alloy and Barlow-packed monodisperse phases, where phaseseparated packings are the densest since the interfacial volume of the boundaries between phases is negligible in the infinite volume limit. Further, we prove in Sec. IV that at any point (α, x) with α > 0, x < 1, there is at least one densest binary packing that consists of no more than two phases. However, this does not preclude the possibility of a densest packing consisting of more than two distinct phases, nor the possibility of "mixing" of phases in certain specific cases where there is no boundary cost.
In Sec. II, differences between periodic, aperiodic, disordered, and quasicrystalline packings are described. We discuss which types of packings are found to be the densest in R 2 , and which we have been able to find (and predict to find) in R 3 . In Sec. III, an overview of the TJ algorithm is provided that includes reasons why the algorithm is particularly successful in identifying dense alloys. In Sec. IV, we describe precisely the method used to construct the maximal-density surface φ max and present a proof of why for η different sizes of spheres in any dimension d, there is always a densest packing consisting of only η phase-separated phases. In Sec. V, the structural details of the putative densest binary sphere packings in R 3 for minimal bases of 12 or fewer spheres are presented and their properties discussed.
In Sec. VI, we conclude with the goals of related future research and the implications and applications of our findings. 
II. PERIODIC PACKINGS, APERIODIC PACKINGS, AND JAMMING
Configurations of points can be categorized by their spatial distributions. In this way, all packings can be described as lattice, periodic, or aperiodic. A lattice Λ in R d is a subgroup consisting of the integer linear combinations of a given set of d lattice vectors that span R d . This is referred to as a Bravais lattice in the physical sciences and engineering. A lattice packing of identical nonoverlapping objects is one in which the objects have centers located at the points of Λ. In a lattice packing, the space R d can be geometrically divided into identical regions called fundamental cells, each of which contains the center of only one object. For a lattice packing of spheres, which are necessarily identical, the packing fraction
with R the radius of the spheres, V F the volume of the fundamental cell, and
the volume of a single sphere, where Γ(x) is the Euler gamma function.
An extension of the notion of a lattice packing is a periodic packing. A periodic packing is obtained by placing a fixed configuration of the centers of N ≥ 1 objects, called the basis,
in one cell of a lattice Λ, and then replicating this fixed configuration, without overlap, in all other cells. The cell in this case is termed a unit cell, and is also a fundamental cell with corresponding minimal basis if and only if no smaller unit cell (with fewer than N object centers) can describe the same packing. In either case, the packing fraction for a packing of spheres, not necessarily identical in size, is given by,
with R i the radius of each sphere in the basis and V U the volume of the cell. It is critical to note that no binary packing with 0 < x < 1 can be a lattice packing, since the basis of a binary packing by definition must consist of at least two objects.
An aperiodic packing is one that exhibits no long-range translational order; i.e., its minimal basis is equal to the number of particles in the packing. Practically speaking though, a packing with a very large number of objects might be called aperiodic if it is comprised of only a few translations of the minimal basis. Both periodic and aperiodic structures are found widely in nature; examples of the former include crystalline solids like many metals and salts, and examples of the latter include liquids, glasses, gels, gases, plasmas and quasicrystals [48] .
A quasicrystal is an aperiodic structure that nonetheless exhibits bond orientational order in symmetries (e.g., five-fold) forbidden to periodic crystals. We refer the reader to Ref. [49] for a more precise definition. We describe a directionally periodic structure as an aperiodic structure that exhibits a period along at least one spatial axis but never simultaneously along d lattice vectors, e.g., a random stacking Barlow packing. to these rules is a random stacking Barlow packing, which exhibits periodicity parallel to the planes of the layers but not perpendicular to them.
For the purposes of this paper, we describe a disordered structure as an aperiodic structure that does not exhibit perfect long-range symmetry, translational, rotational, or reflective, of any kind.
In R 2 , periodic, quasicrystalline, and directionally periodic structures can all be found among the putative densest binary disk packings [38, [50] [51] [52] . We believe that all of these types of structures may be found among the densest binary sphere packings in R 3 as well, though we have identified only periodic and directionally periodic structures in this work.
Due to computational constraints attributable in large part to the scope and resolution of our survey in (α, x), we have limited our survey in this work to investigating the densest periodic packings with bases of 12 spheres or fewer. This limitation substantially increases the difficulty of identifying aperiodic packings, which most often cannot be approximated well by a fundamental cell with a basis of only 12 spheres, though densest directionally periodic packings often can still be identified by extrapolating from periodic packings.
One property of a densest packing is that a subset of its objects is collectively jammed, or in the case of a densest periodic packing, that the objects within each unit cell are strictly jammed under periodic boundary conditions. None of the nonoverlapping objects in a packing that is locally jammed can be continuously displaced (displaced by infinitesimally small movements) without displacing one of its neighbors [53] . In a collectively jammed packing, a subset of the objects (the backbone) is locally jammed and no continuous collective motion of any subset of objects can lead to unjamming, i.e., a packing that is no longer locally jammed. The objects that can be displaced without displacing their neighbors in a collectively jammed packing are termed rattlers. A strictly jammed packing is collectively jammed, and no collective motion of any subset of objects, coupled with a continuous deformation of the boundary that does not increase volume, can result in unjamming. If a subset of the objects in a packing is not collectively or strictly jammed, then by definition a uniform continuous motion exists that results in free space around the objects, i.e., the packing is not a densest packing because its volume can be reduced.
One reason that the TJ algorithm is particularly effective at finding densest periodic packings is that it guarantees that final packings are strictly jammed [34] . If there is a collective continuous motion of the spheres, coupled with a uniform continuous deformation of the unit cell, that will decrease the volume of the cell, then the exact linear programming method employed by the TJ algorithm will find that motion.
With respect to jamming, a certain group of packings that we call "host-guest" packings deserves further attention. In such a packing, a subset (usually the larger spheres) of the total packing are packed as a jammed periodic packing, and a mutually exclusive subset (usually the smaller spheres) sit in the interstices formed by the jammed spheres but without contacting the jammed spheres. Clearly, the spheres within the interstices can be continually displaced without altering the density of the packing. In this way, a host-guest packing can be periodic or aperiodic. If the rattlers are placed in the same place relative to one another throughout every cell of the packing, then the packing is periodic. If they are placed at random, then the packing is aperiodic. A host-guest packing is similar in nature to an interstitial solid solution (ISS) phase, such as the stable binary colloidal phases described in Ref. [54] . We are not aware of any densest packings where the large spheres are free to move, as rattlers, within interstices created by jammed small spheres.
The XY n packings where small spheres are not required to contact the jammed large spheres are good examples of host-guest sphere packings, where an XY n packing consists of a Barlow-packed structure of contacting large spheres with small spheres placed in the interstices. Among the host-guest packings, one can distinguish topologically between packings where the small spheres are small enough to move freely about all of the interstices and packings where they are confined to a given interstice or finite set of interstices. In the former case, the space available to the small spheres is topologically connected, where in the latter case it is not. Though we find densest packings (e.g., XY n packings) where small spheres are confined to a single interstice, we do not find for α ≥ 0.2 any where they are free to move about all of the interstices. However, it is the case for small enough α that there are densest host-guest packings where the space available to the small spheres is topologically connected.
III. THE TORQUATO-JIAO SPHERE-PACKING ALGORITHM
There are several factors that have limited past algorithmic techniques in finding densest packings. As previously discussed, one of these is the immensity of the parameter space in (α, x) of densest binary packings. Another is the strong initial condition dependence of many algorithms, which requires that a very large number of simulations beginning with different initial spatial conditions be undertaken to find a densest packing. This required number of simulations can increase exponentially with the number of spheres simulated.
Past algorithmic techniques have also been limited by the vast multitude of local minima in "energy", defined as the negative of the packing fraction, present in the phase space of a periodic sphere packing with unit cell of indeterminate size and shape with even a small basis. Methods that move only one sphere at a time cannot escape from local minima where a collective motion of spheres is required to decrease energy, and methods that move several spheres at once rely on chance, and hence a very large number of steps, to find the right collective movement. Many molecular dynamics algorithms rely upon principles of equilibrium thermodynamics, which necessitate that large numbers of time-consuming steps (individual sphere movements) be taken at each stage of sphere growth or compression of the unit cell in order to reduce the chance of becoming "stuck" in a local minimum.
In this paper, we are able to overcome these time and computational limitations by using the Torquato-Jiao linear programming algorithm [34] . The TJ sphere packing algorithm does not easily become "stuck" in local minima because it is inherently designed to find the simultaneous collective linear motion of both the spheres and the unit cell geometry that maximizes the density of the packing.
The TJ algorithm approaches the problem of generating dense, periodic packings of nonoverlapping spheres with an arbitrary size distribution as an optimization problem to be solved using linear programming techniques. In particular, the objective function is chosen to be the negative of the packing fraction (as indicated above), which is minimized with respect to particle (sphere center) positions and the shape and size of the unit cell, subject to sphere nonoverlap conditions. The use of a deformable unit cell, defined in terms
was first introduced by Torquato and Jiao [16] to obtain dense packings of hard polyhedral particles including Platonic and Archimedean solids.
For nonoverlapping spheres, the optimization problem can be efficiently solved by linearizing the objective function and nonoverlap constraints. This approach has the advantage of being rigorously exact near the jamming limit of the spheres and unit cell [34] .
The TJ algorithm begins with an initial packing of N spheres, and obtains a new, denser packing by solving the following linear programming problem:
minimize: T r(ε) = ε 11 + · · · + ε dd subject to:
for all neighbor pairs (i, j) of interest, and
where given in Appendix A. The neighbor pairs are determined by an influence sphere with radius γ ij , i.e., two spheres i and j are considered neighbors if their pair distance is smaller than γ ij . We note that the choice of the influence sphere radius can significantly affect the density and degree of disorder in the final packing. For densest packings, a large γ ij should be used, as detailed in Ref. [34] . We also note that to study packings of spheres with non-additive diameters, one simply sets D ij to the desired value when spheres i and j are not of the same type.
Our tests of the TJ algorithm, for which the implementation for binary sphere packings is described in Appendix A, indicate that the algorithm is both particularly efficient and particularly robust in finding densest packings across the entire range of (α, x) for a sufficiently small basis of spheres. For example, we have recovered all of the alloys known to be present in the densest packings, including the A 3 B [36], AlB 2 , HgBr 2 , AuTe 2 , and "Structure 2" [39] alloys, and XY n packings for certain values of n. In addition, we have found many areas in the α-x plane where the densest packings are denser than previously predicted and include heretofore unknown alloys. Overall, in the area of the α-x plane searched, we always recover a packing fraction φ max (α, x) that is either greater than or equal to that previously known.
IV. IDENTIFYING THE DENSEST BINARY SPHERE PACKINGS
To identify the densest binary packings in R 3 , we begin with the obvious statement that at all given (α, x), there is a densest packing that consists of a finite number of phaseseparated alloy and monodisperse phases. In the infinite volume limit in R d for η different sizes of spheres, the packing fraction of a phase-separated collection of β monodisperse and distinct alloy phases can be written,
with X (j) and R (j) the relative fraction and radii, respectively, of spheres of type (size) j, To find the densest packing φ max (R (1) . . . R (η) , X (1) . . . X (η) ) at specified sphere sizes R
and relative compositions X (j) from among β known alloy and close-packed monodisperse phases, Eq. (6) must be maximized. This is accomplished by minimizing the denominator of Eq. (6) over the relative fractions x For binary sphere packings with η = 2 in R 3 , it is thus clear that there is at least one densest packing at every (α, x) consisting of no more than two phases. For simplicity in this case, we set X (1) = 1 − x to be the relative fraction of large spheres and X (2) = x the relative fraction of small spheres, and rewrite Eq. (6) as,
with C Using Eq. (7) and considering a fixed value of α, the densest binary packings in R 3 can be found for all values of x by solving for all globally optimal vertices considering all dense alloy phases at α. Since we limit ourselves in this work to minimal bases of no more than 12 spheres, we must assume that all of these alloy phases can be constructed from repetitions of local structures consisting of 12 spheres or fewer. Though we recognize that this assumption is most likely false for some values of α, especially near the point (α, x) = (0, 1), we contend that for the majority of the area of the parameter space studied, it is correct. We therefore employ the TJ algorithm to search the space of fundamental cells in R 3 containing all combinations of positive integer L i and S i such that L i + S i = 2, 3, . . . , 12. We have solved these problems (putatively) to accuracy of about 10 −4 in φ for α spaced 0.025 apart, and on a finer grid with α spaced about 0.0028 apart for certain values of S i and L i where particularly dense packings were identified.
V. PACKING RESULTS
In the following subsections, the densest binary sphere packings that we have identified are presented, including both those that were previously known and those that, to the best of our knowledge, were not. For those alloys that were not previously known, in Table I 
A. Packing properties
The densest binary sphere packings that we have identified exhibit a broad array of properties. For example, there are densest packings that consist of only a single phase, and many that consist of multiple phases. In the majority of these phases, all spheres are collectively jammed. In others, each fundamental cell contains rattlers, i.e., there are an infinite number of sphere configurations in each cell that exhibit the same packing fraction.
In others still, there are only a finite number of sphere configurations in each cell that exhibit identical packing fraction.
Concerning rattlers in densest packings, it is intuitive that for the majority of the volume of the parameter space of densest packings of η different sizes of spheres, packings with rattlers would dominate as η increases. This is because for densest packings with substantial size disparity between the largest and smallest spheres, except for at selected values of X j , it seems clear that the small spheres would move about as rattlers in the interstices formed by jammed larger spheres. It is interesting therefore that we have found that there are densest binary packings over the majority of the α − x plane that are composed of phases that do not include rattlers.
For the rectangular region α < 0.2, x > 11/12, we have not attempted to identify densest packings. This is because the number of distinct densest packings, for example, those of type XY n , approaches infinity as α → 0 with x → 1. In this latter limit, the densest packings are the XY ∞ packings consisting of infinitesimally small Barlow-packed small spheres located within the spaces between Barlow-packed large spheres. The packing fraction of this packing is [8] ,
At all points (α, x) outside of the rectangular region α < 0.2, x > 11/12, we have identified putatively densest packings that consist only of periodic alloy phases. However, due to the infinity of densest Barlow packings (which are, in general, directionally periodic), all densest packings that contain a periodic monodisperse phase are degenerate in density with packings exhibiting an aperiodic monodisperse phase. Additionally, there are alloys that can be paired with monodisperse Barlow packings without a boundary cost, e.g., the AlB 2 alloy. This pairing allows a "mixed-phase" densest packing, or a densest packing composed of a single aperiodic (directionally periodic) phase. There are also pairs of alloys that appear to exhibit this property.
For the majority of the area in the α-x plane, the densest packings consist of two phaseseparated phases, one alloy and one monodisperse. For α > α * ≈ 0.660, the known densest binary packings consist simply of two phase-separated monodisperse Barlow-packed phases.
For (α, x) ∈ (0, α * ) × (0, 1), either a single alloy phase or a combination of an alloy and a monodisperse phase is known to be denser than two phase-separated monodisperse phases.
At certain points, densest packings consisting of three distinct phases can exist. Examples of this case include; at α = α * , 0 < x < 1, where two monodisperse phases and one A 3 B phase exhibit packing fraction π/ √ 18; at about α = 0.292, 6/7 < x < 1 where one monodisperse (small spheres), one (6-1) 10 , and one (6-1) 8 phase exhibit a peak packing fraction of about 0.801; and at the same α with 1/2 < x < 6/7 where one (6-1) 10 , one (6-1) 8 , and one XY phase exhibit a peak packing fraction of about 0.801. One example of a packing with four distinct phases occurs at about α = 0.480, 1/2 < x < 2/3, where one monodisperse (large spheres), one (7-3), one AuTe 2 , and one (2-2) * phase exhibit a peak packing fraction of 0.748. Many of the densest binary alloys for α < √ 2−1 are of the XY n type. In an XY n alloy, the small spheres, of which there are n for every large sphere, are distributed in the octahedral and sometimes tetrahedral interstices, of which there are one and two, respectively, for each large sphere, of strictly jammed Barlow-packed large spheres. The XY n alloys are present in the densest binary packings that we have found for n = 1, 2, 4, 8, 10 and 11. In these packings, the small spheres occupy the interstices as rattlers, except for at "magic" [38] α where they are jammed between large spheres, e.g., at α = √ 2 − 1 for the NaCl alloy. All XY n alloys belong to the cubic lattice system.
For n = 1, 2, 4, and 8, these small spheres occupy only the octahedral interstice, where for n = 4 and n = 8, each set of 4 and 8 spheres in an interstice at the "magic" radii form a perfect tetrahedron and cube, respectively. For n = 10, a small sphere occupies each of the tetrahedral interstices, and at the magic radius the remainder form a perfect cube; for n = 11, there is one extra small sphere in the cube's center. Additionally, for n = 2, 4, 8 and 10, there are XY n alloys for α greater than the magic radius ratios. These packings consist of large spheres arranged as in a Barlow packing (with cubic symmetry) but not in contact, with interstitial jammed small spheres arranged as was the case for the magic α.
In the case of XY n packings where the large spheres are in contact, it is clear that there is no boundary cost between monodisperse layers of contacting spheres packed in a triangular lattice (which we recall is one layer of a Barlow packing) and an XY n packing. Furthermore, for x < n/(n+1), different numbers of small spheres can be distributed among the interstices of the Barlow-packed large spheres. Consequently, wherever a densest packing consists of any XY n phase and a Barlow-packed monodisperse phase of large spheres, mixed phase packings and aperiodic alloy phase packings are also densest packings.
The (11-1) and (10-1) alloys are similar to the XY 11 and XY 10 alloys, respectively, except that they belong to the tetragonal and rhombohedral lattice systems. The unit cells of these packings can be viewed respectively as "stretched" and "skewed" versions of the XY 11 and XY 10 unit cells, and the packings of large spheres can be seen this way as well. However, the clusters of contacting small spheres that occupy the octahedral interstices in these packings do not stretch and skew in the same fashion as the large spheres. Figures 6 and 8 are images that highlight the symmetry present in these alloys.
The (6-1) 10 alloy can be described as a body-centered orthorhombic packing of large spheres with four small spheres present on each of the faces. The small spheres on each face are not in contact, and they are not equidistant from one another owing to the different lengths of the three lattice vectors comprising the orthorhombic unit cell. Figure 9 illustrates the lack of contact between small spheres, in that the distances depicted between small spheres are all greater than 2α = 0.5562 large sphere radii. In Fig. 9 , the central large sphere contacts all surrounding spheres and the central large spheres in the adjacent unit cells on the z-axis, where the z-axis is along the basis vectors that are 2.0000 sphere diameters in length.
The (6-1) 8 , (6-1) 6 , and (6-1) 4 suballoys are a subdivision of the alloy exhibiting triclinic lattice system characterization with six small and one large spheres in its minimal basis. This alloy is present in the densest packings over the approximate range 0.292 ≤ α ≤ 0.352, and it is very similar to the (6-1) 10 alloy. Figures 10, 11 , and 12 illustrate large-large and small-small sphere contacts in the (6-1) 8 , (6-1) 6 , and (6-1) 4 suballoys, respectively. The small spheres in the (6-1) 8 suballoy do not contact one another, though many of those in the (6-1) 6 and (6-1) 4 alloys do. Additionally, the centers of the small spheres in the (6-1) 4 alloy do not lie on the faces of the triclinic unit cell.
It is also the case that over the entire range that the (6-1) alloys are present in the densest packings, they can form mixed phase packings with large spheres packed as in a Barlow packing, or with large spheres packed as in a Barlow packing with one small sphere (a rattler) in the octahedral interstice. These mixed phase packings exhibit only slightly smaller packing fractions than their phase-separated counterparts. This is possible due to the nearly cubic symmetry of the (6-1) packings, which allows only a small boundary cost between a (6-1) unit cell and a Barlow-packed unit cell.
The previously known densest alloys for α > √ 2 − 1 all exhibit ratios of small to large spheres of either one to one or two to one. Perhaps the best known is the AlB 2 alloy, The HgBr 2 alloy was recently discovered to be present in the densest packings [37] , a finding that our results support. The alloy phase belongs to the orthorhombic lattice system, and its minimal basis is composed of four small and two large spheres. It exhibits many local maxima and minima in packing fraction over the approximate range 0.443 ≤ α ≤ 0.468 that it appears in the densest packings, suggesting that its contact network changes many times over this range. Due to these many local extrema, the packing fraction of the pure HgBr 2 alloy phase does not vary much, with 0.752 ≤ φ max (α, 2/3) ≤ 0.760 over the aforementioned range in α. Figure 15 highlights the large-large and small-small sphere contacts in the alloy at α = 0.4597. The AuTe 2 alloy was also recently discovered to be present in the densest packings [37] .
The alloy phase belongs to the monoclinic lattice system, and its minimal basis is composed of two small spheres and one large sphere. In a previous work [33] , our phase diagram indicated that this alloy was present in the densest packings over the approximate range 0.480 ≤ α ≤ 0.528, the same range that was reported in Ref. [37] . However, we correct this statement to read that the alloy appears to be present in the densest packings over the range 0.488 ≤ α ≤ 0.528, with the (4-2) alloy present over the approximate range 0.480 ≤ α ≤ 0.488. Figure 16 highlights the large-large and small-small sphere contacts in the AuTe 2 alloy at α = 0.4995.
The A 3 B alloy was recently discovered [36] to be the densest-known binary alloy over the approximate range 0.619 < α < α * . Previously, the AlB 2 alloy was thought to be the only alloy denser than phase-separated monodisperse small and large spheres for high enough α, where it becomes less dense than a phase-separated monodisperse packing for all α > 0.623387 . . . . The fundamental cell of the A 3 B alloy, depicted in Fig. 17 , belongs to the orthorhombic lattice system, and it contains six small and two large spheres.
In our investigations, the (2-2) * alloy exhibits the same packing fraction (error of less than 10 −4 ) as the "Structure 2" alloy described in Ref. [39] , which has four small and four large spheres in its minimal basis. Within the error, we were unable to determine whether doubling the minimal basis from four to eight spheres, just as increasing the minimal basis from four small and four large to six small and six large for the (6-6) alloy, results in an increased packing fraction. We suggest that it might result in an increase of less than 10
over the approximate range 0.480 ≤ α ≤ 0.497 that the alloy appears in the densest packings, though we would need to run simulations at higher accuracy in order to confirm or reject this hypothesis. Figure 18 depicts the fundamental cell of the (2-2) * packing, which belongs to the monoclinic lattice system, at α = 0.4881.
FIG. 19: (Color online)
Putative densest packing (φ = 0.758) at radius ratio α = 0.4483 of six small and six large spheres in a periodic fundamental cell. The (6-6) alloy belongs to the triclinic lattice system.
The "Structure 1" alloy described in Ref. [39] has a minimal basis of four small and four large spheres. However, our simulations show that increasing the minimal basis to six small and six large spheres results in identification of a denser alloy. Specifically, we find (error of less than 10 −4 ) that the (6-6) alloy exhibits the same packing fraction as the "Structure 1"
alloy over the approximate range 0.414 ≤ α < 0.428, and a denser packing fraction over the approximate range 0.428 ≤ α ≤ 0.457. The (6-6) alloy phase, illustrated in Fig. 19, belongs to the triclinic lattice system and is similar to a skewed and stretched version of the NaCl alloy. It is unclear if increasing the minimal basis beyond 12 spheres will result in a slightly denser alloy over the approximate range 0.414 ≤ α ≤ 0.457 that the (6-6) alloy appears to be present in the densest packings.
The ( The (4-2) alloy, illustrated in Fig. 22 , is present in the densest packing over the approximate range 0.480 ≤ α ≤ 0.488. It has four small and two large spheres in its minimal basis and belongs to the triclinic lattice system. The alloy is very similar in packing fraction to both the AuTe 2 and HgBr 2 alloys over the range of α in which it appears in the densest packings. However, the (4-2) alloy fundamental cell has less symmetry, and the distortion in the cell away from a monoclinic arrangement allows for a slightly increased packing fraction over the range 0.480 ≤ α ≤ 0.488 as compared to the AuTe 2 alloy. 
D. Another dense packing
The (8-1) alloy is particularly dense over the range 0.244 ≤ α ≤ 0.253, but it does not appear in the densest packings. As can be seen in Fig. 23 , the (8-1) alloy consists of large spheres arranged in a unit cell belonging to the triclinic lattice system, with small spheres in the primary and secondary interstices. There are six small spheres arranged in a skewed octahedron in each primary interstice, and a small sphere in each secondary interstice,
where there are twice as many secondary interstices as primary interstices. Interestingly, at x = 8/9, the (8-1) alloy is denser than any phase-separated combination of a different alloy phase and a monodisperse phase. Nevertheless, a phase-separated combination of the and XY 4 alloy phases permits a denser packing at x = 8/9 than a single (8-1) phase.
FIG. 23: (Color online)
Very dense packing (φ = 0.787) at radius ratio α = 0.2503 of eight small and one large spheres in a periodic fundamental cell. This (8-1) alloy did not appear in the densest packings in our simulations; though it is denser over the approximate range 0.244 < α < 0.253 at x = 8/9 than the combination of two phase-separated phases where one is any other known alloy and the other is a monodisperse phase, the combination of two phase-separated alloy phases (the (10-1) and XY 4 phases) is denser. The (8-1) alloy belongs to the triclinic lattice system.
VI. CONCLUSIONS
We have surveyed the α-x plane at high resolution in both α and x in order to find the densest binary sphere packings in R d for minimal bases of up to 12 spheres. Employing an implementation of the TJ algorithm, we have identified all of the previously known alloys present in the densest packings and found many new alloys as well. We have described and presented the structure and symmetries of these densest alloys, and we have classified them by the composition of their minimal bases and lattice system characterization of their unit cells. Taken together, these results demonstrate that there is a broad diversity of alloys present in the densest packings, including alloys with large minimal bases and uncommon small to large sphere number ratios, e.g., the (6-6), (7-3) and (5-2) alloys.
We have also discussed the densest binary packings in R 3 , which are composed of phaseseparated densest Barlow and alloy phases. We have proved that for any packing consisting of η different types of objects in R d , there is a densest packing that consists of no more than η different phases. Additionally, we have discussed the properties of the function φ max (α, x) and described its features in the limit as (α, x) → (0, 1).
One implication of our findings is that that entropic (free-volume maximizing) particle interactions contribute to the structural diversity of mechanically stable and ground-state structures of atomic, molecular, and granular solids. Additionally, the structures we have identified can be useful as known points of departure when investigating experimentally the properties of binary solids composed of particles that exhibit steep isotropic pair-repulsion, including of dense atomic and molecular phases at high temperatures and pressures. In particular, some of the novel structures that we have identified could correspond to currently unidentified stable atomic and molecular states of matter. We note though that these novel structures would be most relevant to binary phases, perhaps at high temperatures and pressures, where the two particle-types exhibit roughly additive pair repulsion.
Though we have limited ourselves in this work to minimal bases of 12 or fewer spheres, the discovery of the (7-3), , and (5-2) alloys suggests that periodic structures with minimal bases larger than 12, further directionally-periodic, quasicrystalline and disordered structures might be present among the densest packings. This may also include a densest alloy, composed of a minimal basis of greater than 12 spheres, for α > α * .
It is possible that the densest packings we have identified have a relation to the structures of glassy binary sphere solids and/or to those of binary sphere liquids near the freezing point.
For example, recent work [55] demonstrates that a binary metallic glass, Ce 75 Al 25 (x = 1/4, with the atomic volume of Ce about twice that of Al at ambient pressure), exhibiting long range structural order can be created by a melt-spinning process. Further investigation suggests that the long range fcc order is derived from the binary material's densely packed configuration during spinning. It is possible that other binary glasses could exhibit similar long range order related to the densest packings of binary spheres at specified (α, x).
In future work, we will employ the TJ algorithm to study maximally random jammed (MRJ) packings of binary spheres at specified (α, x). This is a complicated problem, in part due to the difficulty in defining a MRJ state for binary packings. Nevertheless, a thorough investigation may reveal similarities between the MRJ packings and the densest binary packings at the same radius ratios α and small sphere relative concentrations x.
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This In the first step of the process, an initial configuration of nonoverlapping small and large spheres is generated. This is accomplished through a random sequential addition [8] process of adding large spheres to a randomly generated unit cell, then choosing which spheres will be designated small and which will be large. The cell is randomly generated in R 3 using five random variables which represent the angles between the three lattice vectors and the relative lengths of the second and third lattice vectors to the first, which is normalized.
The angles and lattice vector lengths are required to fall within certain bounds, and the total volume of the cell is bounded from below. These bounds are useful algorithmically in preventing overlap between the spheres in the unit cell and their images in non-adjacent unit cells.
The next step is to solve the linear programming problem (5) assuming that R = 0, where we recall that R represents the higher order terms in the linear expansion of the packing problem and its constraints. After solving the problem (5), it is necessary to check if any overlap is present between spheres in the unit cell, or between the spheres in the unit cell and their images in surrounding cells. This step is necessary because R is sometimes negative, which can result in a solution to the problem (5) with overlap between spheres.
The higher order terms R can be written,
The first two terms in Eq. (A1) are positive semi-definite and the last two negative semi-definite. When the last two terms are greater in absolute value than the first two, this
indicates that overlap between spheres can exist in a correctly-solved linearized programming problem.
If overlap is present between any two spheres, the lattice vectors {λ i } are resized by a constant such that all previously overlapping spheres are now out of contact by at least some small δ > 0. All spheres in the packing are subsequently displaced in random directions by small random distances such that all distances are less than or equal to δ. This step is necessary so that the algorithm does not become stuck in a loop. Additionally, the randomness introduced by this step aids in finding densest packings. If no overlap is present, then no resize of the lattice vectors is necessary. In either case, the algorithm repeats until there is no solution to the problem (5) that reduces packing fraction, i.e., the packing is strictly jammed.
Appendix B: Proof of Theorem 1
To prove theorem 1, we will utilize the fundamental theorem of linear programming, which states that there is always a globally optimal solution to a linear programming problem (that has at least one solution) located at (at least) one of the vertices of the convex polytope that is the problem's feasible region. In this case, the objective function of the linear programming problem is the denominator of Eq. (6), and the feasible region is defined by the constraints on the variables x
i that result from conservation of particle numbers. We first outline these constraints, then apply the fundamental theorem of linear programming to prove that for a packing of η different sphere sizes in R d , there is at least one densest packing composed of no more than η phase-separated phases.
As the X (j) are relative fractions, η j=1 X (j) = 1 and X (j) ≥ 0 for all j due to conservation of particle numbers. For the same reason, summing up all the relative fractions x j i of spheres of type j in each alloy type i, we have,
where we note that each term in the sum on the left hand side of Eqs. (B1) is equal to x j i . It follows from Eqs. (B1) and the nonnegativity of the x
or for each phase i and sphere type j, the relative fraction x j i of spheres of type j in phase i is less than or equal to the total relative fraction of spheres X (j) of type j. 
For each variable x
which describe a hyper-rectangular prism in β-dimensional Euclidean space in the variables
The η equations (B1) describe η hyperplanes in β-dimensional Euclidean space. The convex polytope that forms the feasible region consists of their intersection with each other and the hyper-rectangular prism described by inequalities (B3). We can thus formulate a linear programming problem corresponding to the maximum of Eq. (6) as,
subject to the equality constraints (B1) and the inequality constraints (B3 
namely the packing where all phases are monodisperse. As this point is contained within the feasible region, we can apply the fundamental theorem of linear programming to state that there is a globally optimal solution to the problem (B4) located at (at least) one of the vertices of the convex polytope formed by the intersection of the η hyperplanes described by Eqs. (B1) and the hyper-rectangular prism described by inequalities (B3).
To prove that there is a globally optimal solution that consists of no more than η phaseseparated phases, we will show that there can be no more than η positive values of x 
In the Eqs. (B5), the index j is for all j = 1 . . . η excluding the j = {J q }, the sum on the left hand side runs over the β t indices included in the set {i} t , and the sum on the right hand side runs over the t indices included in the set {q} t .
In this reduced case, the Eqs. (B5) imply new upper bounds on the β t remaining x i . The value t cannot exceed η because at t = η, β t = 0, as all phases must include at least one type of sphere. It follows that all vertices must include between t = 0 and t = η intersections at the upper bounds of the hyper-rectangular prism, and so we have proved that there cannot be more than η positive x F i i at any vertex. It follows directly, since there is at least one global optimum on a vertex, that there is always at least one densest packing that includes no more than η phase-separated phases.
We note that there can also be global minima that include more than η phases. This occurs when there is more than one vertex that is a global optimum such that there are more than η distinct nonzero x F i i in total in the optimal vertices. Specifically, when there is more than one vertex that is a global optimum, all convex combinations of these vertices are also global optima. This leads to the conclusion that of β possible phases, there could potentially be β phases present in a densest packing, with β unbounded.
Appendix C: Packing Fractions
The packing fractions in this Appendix are for the periodic alloys that comprise the densest packings at given values of α. By comparing the alloys found by the algorithm to densest alloys for which we have explicit representations of the packing fraction, we have discovered that the packing fractions are in general about 1.0 × 10 −4 too low, though sometimes as much as 2.5 × 10 −4 too low. For this reason, and due to the resolution of our survey in α, we report packing fractions only to the third decimal place. Additionally, we note that our algorithm, being constructive, always produces packing fractions for real packings, and therefore the fractions presented are all lower bounds on the true maximal fractions. Finally, we note that although the comparisons we have made in the text to explicitly-known packing fractions are for the precise values of α that we employed in our survey, the values of α reported in this table have been rounded to the third decimal place. 
